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Abstract
We study harmonic polynomials on the quantum Euclidean space £ ;V generated
by quantum coordinates x;,i = 1,2,..., N, on which the quantum group

SO4(N) acts. They are defined as solutions of the equation A,p = 0,
where A, is the g-Laplace operator on £, f;’ . We construct a g-analogue of
the classical zonal polynomials and associated spherical polynomials with
respect to the quantum subgroup SO,(N — 2). The associated spherical
polynomials constitute an orthogonal basis of the spaces of homogeneous
harmonic polynomials. They are represented as products of polynomials
depending on g-radii and x;,x;, j = N — j + 1. This representation is,
in fact, a g-analogue of the classical separation of variables.

PACS numbers: 02.20.Uw, 02.30.Gp, 02.40.Gh

1. Introduction

The Laplace operator, harmonic polynomials and related separations of variables are of great
importance in classical analysis. They are closely related to the rotation group SO (N) and its
subgroups; see, for example, [1], chapter 10.

Many new directions of contemporary mathematical physics are related to quantum groups
and noncommutative geometry. It is natural to generalize the classical theory of harmonic
polynomials to noncommutative case. Such a generalization can be of great importance for
further development of some branches of mathematical and theoretical physics related to
noncommutative geometry. For example, it can be used for the development of quantum
mechanics and field theory on noncommutative spaces. In particular, the Laplace operators
on the quantum spaces are useful for the construction of operators of quantum mechanics.
It is interesting to generalize the results of this paper to the case of harmonic functions
(in particular, to the case of functions with singularities).

The aim of this paper is to construct a g-deformation of many aspects of the classical
theory of harmonic polynomials. In the g-case, instead of the Euclidean space we have the
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quantum Euclidean space. This is defined in terms of the associative algebra .4 generated by
the noncommuting elements xi, xp, ..., xy satisfying the certain defining relations. These
elements play the role of Cartesian coordinates of the classical Euclidean space Ey.

The g-Laplace operator A, on A is defined in terms of g-derivatives (see formula (16)).
Instead of the group SO(N) we have the quantum group SO, (N) or the corresponding
quantum algebra U, (soy). In our exposition, it is more convenient to deal with the algebra
U,(soy). The g-harmonic polynomials on the quantum Euclidean space are defined as
elements p of A (that is, polynomials in quantum coordinates xi, x,, ..., xy) for which
A,p = 0. We construct projectors H,, : A,, — H,,, where A,, and H,, are the subspaces of
homogeneous (of degree m) polynomials in A and in the space H of all g-harmonic polynomials
from A, respectively. Using these projectors we construct in H,, a g-analogue of associated
spherical harmonics with respect to the quantum subgroup SO, (N — 2). They constitute
an orthogonal basis of the space H,, corresponding to the chain of the quantum subgroups
SO4(N) D SO;(N —2) D SOy(N —4) D ---D 80,4(3) (or§0,4(2)). Here we obtain a
g-analogue of the corresponding separation of polyspherical coordinates. Our construction
is similar that which we used in [2] for the case of quantum complex vector space with the
quantum unitary group U, (N) as a quantum motion group. Our derivations use essentially
the results of [3]. Note that our approach is different from that used in [4] since we use the
projection technics described in section 5. Besides, the noncommutative space considered
in [4] is not the quantum Euclidean space and the ‘motion’ group is not the quantum group
SO, (N).

Everywhere below we suppose that g is not a root of unity. Moreover, under consideration
of x-operations and scalar products, we suppose that 0 < g < 1. We shall use two different
definitions of g-numbers:

a a —a
11 q la], = % _
—q q9—49
It is necessary to pay attention to which of these definitions is used in each concrete case.

[a] =

2. The quantum Euclidean space

The quantum Euclidean space Eév is defined by means of the algebra of polynomials

A = C,lx1,x2,...,xy] in noncommutative elements x;, xa, ..., xy which are called
quantum Cartesian coordinates; see [5, 6]. The number N can be even or odd and we
represent it as N = 2n or N = 2n + 1, respectively. Moreover, for j = 1,2,..., N we
shall use the notation j = N — j + 1. The algebra A is the associative algebra generated by
elements xy, x, ..., xy satisfying the defining relations

XiXj = qX;x; i<j and i#j (1)

q _ q_l (l'+1)/

s — xxy — 1 4 P ;

j=i+l
XXy — XX = (q'* — g7V P)x2, if N=2n+1 3)
XXy = XpXpy if N=2n 4)

where

Proeeeipme) = —3.n—3,...,3.0,=3, ..., —n+3) if N=2n+1
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W1y ppp)=m—1,n-2,...,1,0,0,—1,...,—n+1) if N =2n.

The monomials x* := x;"x3* ---x\*, v; =0, 1,2, ..., form a basis of A; see [3]. The vector
space of the algebra .A can be represented as a direct sum of the vector subspaces A, consisting
of homogeneous polynomials of homogeneity degree m: A = @,,_; An.

A x-operation (that is, an involutive algebra anti-automorphism) can be defined on the
algebra A turning it into a x-algebra. This *-operation is uniquely determined by the relations
x'=q"xp,i=1,2,...,N.

The quantum rotation group SO,(N) and the corresponding quantized universal
enveloping algebra U, (soy) act on the algebra A. These actions are determined by each
other. It will be convenient for us to use the action of the algebra U, (soy). The last algebra
is the Hopf algebra generated by the elements K;, K i_l, E;, F;,i=1,2,...,n,satisfying the
certain defining relations (see, for example, section 6.1.3 of [6]), where n is an integral part
of N/2. The algebra U,(soy) is supplied by the Hopf algebra operations. We adopt these
operations determined in [3]. The action of X € U,(soy) on anelementa € A will be denoted
as X > a.

A x-operation can also be introduced on U, (soy). We adopt such a x-operation which
defines the compact real form of U,(soy); see, for example, section 6.1.7 of [6]. The
action of the *-algebra U, (soy) on the x-algebra A is such that (X >a)* = S(X)*>a* for
X € Uy(so(N)) and a € A, where S is the antipode on U, (soy); see [3].

The action of U,(soy) on A is explicitly given in [3], lemma 2.5. For U, (s02,+1) and
U, (s02,), the action of elements E} and Fy,k = 1,2, ..., n — 1, are determined as

Vg — Vi1 +1 GUHEL —Eks1

— —v r+1
Ek > XU — [vk+1]qq X _ [Vk’]qQVk Vi1 =V V(g 1y +

XV k1) —EK

Fk >x’ = [vk]qqfvkaﬂ7v(k+1)/+ukr+lxvfsk+sk+1 o [v(kﬂ),]qq71;(,{“)/+vk/+1Xv7£(k+l)/+sk, )

The action of elements E, and F,, are given by the formulae

E,>x" = [vnﬂ]quvm+3/2Xv+s,ren+1 _ [vn+2]qqvnfvn+z+lxv+sn+1famz

F,> x' = [vn]qq—vn+vn+2+1/2XU—8n+8n+1 _ [vn+1]q—Vn+1+vn+2+1XV—€n+1+€n+2
if N = 2n + 1 and by the formulae
E, > x' = [U”+1]qunfl_Vn+l+1xv+5n71_sn+l _ [vn+2]qunfl+vn_2vn+]_vn+2+lxv+8n_€n+2

—Vp s+l gV —entens

fvn_l72v”+vn+1+vn+z+1vasn_l+an+1 —[va] q X
nlg

Fn >x" = [Un—l]qq

if N = 2n, where ¢; is the vector with the ith coordinate equal to 1 and all others equal to 0.

The monomials x” are weight vectors with respect to the action of U,(soy) on
A. We represent weights A in the well-known orthogonal coordinate system, that is, as
A= 1€ + 1a&x + - -+ + Uy, (in this system, highest weights are given by the coordinates
Wiy A2, ..., My such that u; > o > - -+). The weight of the monomial x” is

A= —v)er+ (v —vy)es+---+ (v, — Ve,
The action of the element K; on the monomial x” is given by the formula

Ki > x’ = q(Vi*V,")*(Um*V(,u,])/)xv i<n

K, > x' = qvﬂ_vn/x‘) if N=2n+1

K,>x" = q(vn_l*v(“_w)+(v,ﬁv”/)xv if N =2n.
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It is evident that there exist elements K i»i =1,2,...,n,of the algebra U, (soy) such that
Ki>x"=q"x", 5)
A differential calculus is developed on the quantum Euclidean space which is determined
by the R-matrix of the quantum algebra U, (soy). There exist different formulations for this

differential calculus. We adopt the definition of the differential operators 9;,i = 1,2,..., N,
used in [3]. These operators act on the monomials x" as

O > X" = [y ]yt X k<n (6)

Ve GV —Epl

Ope1 > X" = [Vur1lg X if N=2n+1
n
O > X" = [oplyg W e X Y T ][y, (g — g7 Dgn g B
Jj=k+1
—1
D = Ul 15— g g2 < (7)

where dkj =Vr+-- Vi1tV +oo-t VP and ¢, = (e +---+vp) — 2V,41. The last

summand of equation (7) must be omitted for N = 2n. The operators 9;,1 = 1,2,..., N,
satisfy the relations
%d;=q 0;8, i<j i#] ®)
1 (i+1)
0 — 0.0 — — 0 .
3 0; — 0,00 = qp,—l +q e > ddeg”™ i<n )
k=i+1
8n’an_anan’ = _(ql/z—q_lﬂ)a,%ﬂ if N=2n+1
(10)
00, = 0,0, if N =2n.

The operators 9 and the operators %; of left multiplication by x; satisfy certain relations
which can be represented by means of the quantum R-matrix of the algebra U, (soy). These
relations are given in [3]. We need the following:

Ode = 2dkg™ ' = (g —q ) D205+ (g —q Nowg™ Rede +c (1)

Jj<k
Wk =% +(q —q Dowg" P ied; k#j,j (12)
Xy = qXp ok k#£Kk cXy = qXyc coy = qilakc (13)

where oy = 1if k > k" and o} = 0 otherwise, oy; = 1 if k > j" and o}; = O otherwise, c is
the linear operator which acts on the monomials x" as ¢ > x" = g"**"rx",

3. Squared g-radius and g-Laplace operator

The element

q
0= Zq"’ xixp = (1+¢"7?) (Zq"’xxl g 3+1> (14)

i=1 i=1
(where the last summand with x,,; must be omitted if N = 2n) of the algebra A is called the
squared g-radius on the quantum Euclidean space. It is shown in [3] that the centre of A is
generated by Q.
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We shall also use the elements Q; = ljz j q""xixi, 1 < j < n, which are squared
g-radii for the subalgebras C,[x;, ..., x;]. They satisfy the relations
, 0, i+ .
Q;0i=0:Q;  xixy=q" (1 T T Tagh i 1<i<n
x5 Q= qujxi xpQj = q_szx,-r for i <j
xin:iji fOI' ]élé]’

It can be checked by direct computation that
k ’
xixl = 0'1(Q%/ 04 47 (15)
where Q) = ¢ " Q1/(1+¢V7%), Q) = ¢ Q2/(1 +g"~*) and
(@ q)s = (1 —a)(l —ag)--- (1 —ag*").
To the element Q there corresponds the operator Q on A defined as Q = ZlN: Vg7 Xk,

where %; is the operator of left multiplication by x;. It is clear that Q A, — Ao,
We also consider on A the operator

N
Ay=)q" 0 (16)
i=1

which is called the g-Laplace operator on the quantum Euclidean space. We have
Ay i Ay — Aju—2. The important property of the operators Q and A, is that they commute
with the action of the algebra U, (soy) on A; see [3]. The operators Q and A, satisfy the
relations

(1 +qN—2)2
(1+¢)?
where y is the operator acting on the monomials x” as yx" = (v; + - - - + vy)X" (see [3]). We

shall also use the following formula from [3]

Aq(XU) — (1 +qN—2)qU1+~~-+v]r—l

A0 — g0 A, = 0" g VPRAIIN + 2k + 2y — 2] (17)

n e

< D vilglvileq g "X " + [y — Hvaa] ﬂq
j=1

X2 (18)

where d = vy +---+ v +vg 1y + - +Vvy,e = v+ +vp — 20,4 + 2, and the last
summand must be omitted for N = 2n.

4. g-Harmonic polynomials

A polynomial p € A is called g-harmonic if Ayp = 0. The linear subspace of A consisting
of all g-harmonic polynomials is denoted by H. If H,, = A,, N'H, then H,, is the subspace of
‘H consisting of all homogeneous of degree m harmonic polynomials.

Remark. If n = 2, then A consists of all polynomials in commuting elements x; and x;, = x».
In this case, the space H of g-harmonic polynomials has a basis consisting of the polynomials

1, xf, xf, k=1,2,.... (19)

Proposition 1 [3]. If m > 2, then the space A, can be represented as the direct sum
An =Hpu & QA2 (20)
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We shall need the following consequences of the decomposition (20):

Corollary 1. If p € H,,, then p cannot be represented as p = Q*p’,k # 0, with some
polynomial p' € A.

Corollary 2. For dimension of the space of q-harmonic polynomials 'H,, we have the formula
dimH,, — (m+N-=3)2m+ N — 2).
(N —2)!m!

Corollary 3. The linear space H can be represented as a direct sum H = @_, Hun.

Corollary 1 is a direct consequence of formula (20). Corollary 2 is proven in the same
way as in the classical case; see, for example, chapter 10 of [1]. For this we note that
dim A4, = ((llvvt"i;;f,' Hence, for dimH,, = dim 4,, — dim .4,,_, we obtain the expression
stated in the corollary. In order to prove corollary 3, we note that any p € H can be represented
asp =7, Pm Pm € An. Wehave Ayp =>" A p, =0. Since Ayp,,,m=0,1,2,...,
have different homogeneity degrees, it follows from the last equality that A, p,, = 0 for all
values of m. Thus, H = @, Hum-

Proposition 2. The linear space isomorphism A ~ C[Q] ® H is true, where C[Q] is the
space of all polynomials in Q.

This proposition follows from the fact that the space A,, decomposes into the direct sum
An =P jtf(/) ! O/ Hps j» where |m /2] is the integral part of the number m /2.

The decomposition A >~ C[Q] ® H is a g-analogue of the theorem on separation of
variables for Lie groups in an abstract form [7]. Thus, a study of .4 reduces to a study of the
space H.

Since the operator A, commutes with the action of the algebra U, (soy), the subspaces
'H,, are invariant with respect to the action of this algebra. It is proven in [3] that the irreducible
representation 7T, of U, (soy) with highest weight (m, 0, ..., 0) is realized on H,,.

We denote by AY ) the space of elements of A consisting of invariant elements with
respect to the action of U, (so,) C U,(soy). We have AY¢%) = C[Q]; see [3]. In what
follows we shall consider the subalgebra U, (soy_>) generated by the elements H;, E;, Fj,
i=2,3,...,n.

Proposition 3. We have AY¢v-2 ~ @, C[Q]x{x|, ~ P, , C[Q]x{x]..
Proof. In order to prove this proposition we note that for U, (soy_»)-module .4 we have

kol
A=Cylx1,x2, ..., xn] = @“Cq[xg,xg, Co XN X Xy

The action of U, (soy_2) on x’fxﬁv istrivial. Moreover, C,[x2, x3, ..., xy_1]YeGov-2) = C[Q1].
Since QO = 02 + cpx;xy, where ¢; and ¢, are constants, we have AYVs(o¥-2) ~
D C[Qz]x'fxﬁv ~ Dy (C[Q]x’fxf\,. Proposition is proven. O

The associative algebra F (S;V ’1) generated by the elements xi, ..., xy satisfying the

relations (1)—(3) and the relation Q = 1 is called the algebra of functions on the quantum
sphere S;V ~1; see [5] and chapter 11 of [6]. It is clear that the canonical algebra isomorphism

F (S év ’1) >~ A/T is true, where 7 is the two-sided ideal of .4 generated by the element Q — 1.
We denote by t the canonical algebra homomorphism 7 : A — A/Z ~ F (Sflv "). This
homomorphism is called the restriction of polynomials of .4 on to the quantum sphere S ;\’ -1
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It was shown in [3] thatt : H — F (S é\’ ’1) is a one-to-one mapping, that is, the restriction
of a g-harmonic polynomial to the sphere S;V ~! determines this polynomial uniquely. This
statement allows us to determine a scalar product on . For this, we use the invariant
functional / on the quantum sphere S(;V ~! defined in [3]. In order to give this functional,
we introduce the linear subspace (t.A)? of F (Sév _1) spanned by the elements 7x" such that
Vi = Voo, Uy = VU, Vpyy = 2m,m = 0,1,2,... (for N = 2n the last condition must
be omitted). The functional / vanishes on the elements 7x’ ¢ (t.4)" and on the monomials
%" € (tA) it is given by formula (5.2) of [3]. A scalar product (-, -) on H is introduced by
the formula (p1, p2) = h((tp1)*(tp2)), where a* determines an element conjugate to a € A
under action of the x-operation.

Proposition 4. We have H,, L'H, if m # r.

Proof follows from the fact that (tp;)*(tp2) & (t A if p1 € Hon, p2 € Hy,m # 1.
Note that the operators

k) =g"Pq" @@ =0  o(f)=-8q7¢"?/0+4¢")
satisfy the relations ke = g%ek, kf = q~>fk,ef — fe = (k—k™')/(g—q~"), determining the
quantum algebra U, (sl). Therefore, the algebra homomorphism w : U, (sl;) — L(A) gives
a representation of U, (sl,), commuting with the natural action L of U, (soy) on A determined
above. It is shown as in [2] that the representation @ x L of U, (sl,) x U,(soy) decomposes
into irreducible representations as

® x L =) Duvja x T
m=0
where D,y /> are the discrete series representations of U, (sl,) with lowest weights m + N /2;
see, for example, [8]. Therefore, U, (sl,) and U, (soy) constitute a quantum dual pair under
the action on 4. Note that this dual pair is different from that of [4] since the algebra U, (soy)
of [4] is not a Drinfeld—Jimbo algebra.

5. The projection A,,, — H,,

Let us go back to the decomposition (20) and construct the projector H,, : A,, = H,, &
QA,,_» — H,,. We present this projector in the form

Lm/2]
Ho= Y a0'Af aeC @)
k=0

where |m /2] is the integral part of the number m /2. Let us show that the summands on
the right-hand side are linearly independent (in this case, the coefficients ¢« are determined
uniquely up to a common constant). Let p = x,,, if N = 2n + 1. Using formula (18) we
derive that

1+ qN —2\* [m]!
k m _ k m—2k

Aq (xn+1) =q < 1 +q [m _ 2k]!xn+l 2k < m (22)
where [m]! = [1][2]---[m]. Acting by the right-hand side of (21) on x,, we obtain a
linear combination of the elements Q"x,’l”;le, k=1,2,..., | m/2]. Itis easy to see that these
elements are linearly independent. This means that the summands in equation (21) are linearly
1

independent. If N = 2n, then instead of p = x., we take p = x|"'x|,' and make the same

reasoning (see this calculation in the next section).
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We have to calculate values of the coefficients o in equation (21). In order to do this

we take the relation H,,p = ), o Qk A’; p, p € Ay, act by the operator A, upon both sides
of it and use the relation (17). Under this action, the left-hand side vanishes. Equating the

right-hand side to 0 and taking into account that the elements QkA’;+' p.k=1,2,...,1m/2],
are linearly independent for generic elements p € A,,, we derive the recurrence relation
g VN ES A+ gV H2KNIN +2m — 2k — 2o + (1 +¢) 1 =0
for . This gives
(1 +q)2k [N +2m — 2k — 4]!!
(1+gN=2)2k [2k)[N +2m — 4]!!
where [s]!! = [s][s — 2][s — 4] - - - [2](or[1]) for s # O and [0]!! = 1. Using the relations

_ 2
o = (—l)kq(N 4 k+k

[2k]!1 = (% g*x [N +2m — 2k — 4]!! _ (1 —g)*
T (1 —g)k [N +2m — 4] (gV2m=2k=2; g2),
(VA2 g2y, o (NI 2y o —kke D) (g Ne2m—2 )k

we derive that

q2k2—2mk—k a1- qz)zk

(L gV (g g2 (g% g

Note that the coefficients oy are determined by the recurrence relation uniquely up to a
common constant. In equation (21) we have chosen this constant in such a way that H,,p = p
for p € M,,. This means that H: = H,,.

Since the action of X € U, (soy) commutes with Q and A, the operator H,, commutes
with the action of U, (soy).

The operator H,, can be used for obtaining explicit forms of g-harmonic polynomials. As
an example, we derive here formulae for harmonic projection of the polynomial x)’, € A,
when N = 2n + 1. For this, we use formula (22) for A% (x",). Since

(673 (23)

n+l1

[m]| _ (qm—2k+2; qZ)k(qm—ZkH; q2)k
[m —2k]! (1—¢q)2

(qm—2k+2;q2)k — (_1)kqu_k(k_1)(q_m;q2)k
_ k2, —
@" g = DT @ g

we derive that

; 1+q1v72 k q2mk72k2+2k 5 L, "
L —m, —m+1, m—
Aq (xn+1) - ( 1+ q ) (l — q)zk (q »q )k(q s q )kx,H.] .

Using expression (21) for H,,x ; and formula (23) for coefficients oy, we obtain

lm/2]
m
n+l

_o U )
— “n+l 2. .2 —N—-2m+4. ,2
= @5 gl g%

Note that we have used x, % in equation (24). However, since there exists the multiplier x
before the sum sign, negative powers of x,,.; in fact are absent.

Expression (24) for H,,x,",, can be represented in terms of the basic hypergeometric
function ,¢; (see [9] for the definition of this function):

m __ .m —m —m+1, —N-2m+4, 2 -2
Hux, o = X, 1201 (q ,q ' q »q 7ann+l)'

0= q(1+q)
1+gN-2"

(a0x2) (24)

H,.x

m
n+l
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Using the definition Pk(a’ﬂ)(x; q) = 2p1(g7F, g@PHL gt g gx) of the little g-Jacobi
polynomials, we can represent H,,x,",, in the form

(=N 1, V=3 l+gqg D)
Hpxp = x5 P 2 ’ ;ff:;ﬁifigxmq

where r = m/2 if misevenandr = (m — 1)/2 if m is odd.

6. Zonal polynomials with respect to SO,(N — 2)

A polynomial ¢ of the space H,, is called zonal with respect to the quantum subgroup
SO, (N — 2) (or with respect to the subalgebra U, (soy_»)) if it is invariant with respect to
the action of elements X € U, (soy_>). In order to find zonal polynomials ¢ € H,, we have
to take polynomials p € A,, invariant with respect to the subalgebra U, (soy_2) and to act on
them by the projection H,,.

It follows from proposition 3 that, in the space A,,, there exist m + 1 elements which
are U, (soy_»)-invariant and linearly independent over C[Q]. They coincide with x{”lx'f,l/‘,
my +m’ = m. Therefore, H,, (x;”‘xf,l/‘), my +m} = m, are zonal polynomials with respect to
U, (soy—2). Let us find an explicit form of these polynomials.

Using formula (18) we find that

' milg!mily! -
A (xrlmxlnjl) — (1 4 gV Y)kgm—Rk =)k L I]q'[ )]q ’x;nlka:'}] k
[my — kl,![m), — k]!

wheree:1f0rN=2nande=%f0rN=2n+1. Since

[ml]q! _ Q@my—k+1)k/2 (‘172””2612)1(
[my — kl,! (q—qH*

we have

—2my. .2 —2m. 2
k m| N=2rk  20m—k)k . (—n+3+e)k (@ 5 G"MG D my—k m—k
A, (x?'”xl/') = (1+q"2)fg?mhgm3ro 1= g% FES SPL

Now using formulae (21) and (23) we derive that

. /
min(my,m’) —2mj.

(C] : qZ)k(q—Zm’l; qZ)k q(—n+2+e)k

_ my m, _ k mi—k mi—k
(pg’ll’”,l = Hm (xl lxlll) - ; (6]2; qZ)k(q7N72m+4; q2)k (1 +qN72)k Q X 1 xl’l
(25)
Using formula (15) the polynomials gof’;lm,l can be represented as
my
iy =50 D Ch @405/ Q' P (26)
k=0
if m; > m/ and as
mi
k -
P, = (Z Crum @ Q" (02/ 0" qz)mfk> T @7
k=0
if my > m;, where Q' = Q] and Q) are such as in equation (15). Unfortunately, these

polynomials cannot be represented in terms of known orthogonal polynomials, as it was in the
case of the quantum spaces on which the quantum group GL,(N) acts; see [2].
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Theorem 1. The zonal polynomials (pn”;]m, ,my +m\ =m, of H,, are orthogonal with respect
1

to the scalar product introduced in section 4. These polynomials constitute a full set of zonal

polynomials in the space H,y,.

N m o m . .
Proof. We have K1>(xf’”x1,‘) = g™ ™ (x{"'x},"); that is, the monomials XM ) =

m, are eigenfunctions of the operator defined by the action of K, on A which belong to
different eigenvalues. Since the projection H,, : A, — H,, commutes with the action of
U, (soy), then K> (pn":lm,l = g™—m ‘/’;Zlm’, . The scalar product of section 4 is defined in terms
of the invariant functional; that is, this scalar product is invariant with respect to the action of
K;, i =1,2,...,n. Since the zonal polynomials gor’,”“m/l ,my +m}| = m, belong to different

eigenvalues of K |, they are orthogonal. The theorem is proven. (]

It is possible to define zonal polynomials of the space H,, with respect to the subalgebra
A = Uy(s02) x Uy(soy—2), where U, (s0,) is the subalgebra of U, (soy) generated by the
element K;. Then the following assertions are true which easily follows from the above
results.

Theorem 2. The subspace of zonal polynomials of the space 'H,, with respect to the subalgebra
A is not more than one-dimensional. The space H,, contains a zonal polynomial if and
only if m is even. This zonal polynomial coincides with the polynomial ¢ 12.m/2 given by
formula (25).

7. Associated spherical polynomials with respect to SO,(N — 2)

The aim of this section is to construct an orthogonal basis of the space H,, of homogeneous
g-harmonic polynomials which corresponds to the chain U,(soy) D U,(soy—2) D --- D
U, (s03) (or U, (s07)). This basis is a g-analogue of the set of associated spherical harmonics
on the classical Euclidean space which are products of Jacobi polynomials and correspond to
the chain of the subgroups SO(N) D SO(2) x SO(N —2) D ---; see chapter 10 of [1]. The
basis elements give solutions of the equation A, p = 0 in ‘separated coordinates’. So, we
obtain a g-analogue of the classical separation of variables.
Let us note that

=AM = Zqﬂ/a 0 = (q" 910y +q" 3y d) + AN (28)
where A((]N ~2) is the g-Laplace operator on the subspace AN~ = C,[xa, ..., x2]. We also

have from equation (9) that

-1
q9—4 A(N 2)

81/81 — 8181/ = —m (29)
Let p(xa, ..., x») be a polynomial of .4 which does not depend on x; and x;; = xy. Then
it is easy to see from equation (6) that 9, p(x3, ..., xp) = 0.
Lemma 1. Let p(x3, ..., xy) € Aand A2 p =0. Then 9, p = 0 and Ayp = 0.
Proof. Let p(xs, ..., x») be harmonic with respect to A((JN =2 that is A;N “2p = 0. Then
due to equation (29) we have 0,dyp = 0, and A;p = 0 using equation (28). From
formula (7) for 9y, it follows that d;p = x;p'(x2, ..., x2), where p'(x2,...,x2) is a

polynomial in xj, x3,...,xy. Let us show that from 0,9y p = 0 the equality 9y p = 0
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follows. Indeed, due to equation (6) we have 0 = 9,0y p = d1x1p’ = p(xa, ..., X2), where
p(x2,...,xy) is some polynomial in xj, x3, ..., xy which is a linear combination (with
nonvanishing coefficients) of the same monomials as p’ has. Moreover, if p’ # 0 then p # 0.
Since p = 0 then p’ = 0 and we have dyp = x;p'(x2,...,x2) = 0. This proves the
lemma. O

Lemma 2. If p(x;, ..., xy) € A, then

A;Nfz) (x'f“xi’f‘p(xz, e xzr)) = x;"‘x?,llAf]Nfz)p(xz, ce, X)), (30)
If p(x2,...,x0) is A((IN_Z)—harmonic, then

Aq(x{'“x;’f'lp(xz, cx)) = (g” +q*ﬂl)al/alx’l’“x’{f'lp(xz, oxy). (3D

Proof. Since 911 = ¢X101, %1 = £102,91p(x2,...,x2) = 0, and By = Xydr +
(g = q~")g" "5z (see formulae (11)~(13)) we obtain
az(x;mxf’}?p(xz, X)) = 271132()6:7317()(2, )

= 5" G+ (g — g g P Rpdx] T plaa . x)

= )ACT')A‘T/’/' 0 p(x2, ..., xp).

Analogously, using relation (12) we derive that
9y (x?”x;',”p(xz, e xzr)) = X" 0y (xir,"p(xz, .. ,xz/))

A A — 0y A -1
= %" @1dy + (¢ — g Hg" 20 (x) plaas ..., x2))

= )ACT])ACT,I,' 32/[7()62, P )sz).

We have the same results when 9, and d, are replaced by d; and 0;;,i = 3,4,.... This
leads to the relation (30). If p is Af{N ~2_harmonic, then it follows from equation (29) that
(0101 — 8181/)x;”]x17,‘p(x2, ..., xy) = 0. From here and from equation (28) we derive that
Ag (21 p) = (g7 018+ 030 (¢} 517 p) = (@ + g™ (x] %] p)
and the relation (31) is proven. The lemma is proven. ([l
Proposition 5. Let h = h(xa, ..., xy) be a AEIN ~2_harmonic polynomial of degree . Then

Ag ("X R) = (@7 + g~ Imy ], Im) 1yg™ ™ = . (32)

Proof. Using equation (31) and then equations (1), (6) and (13), we derive that
A, (xi"‘x?’,’l‘h(xz, e xzr)) = (¢g" + q_"‘)[ml]qqm“ml”_le"'7181rx;77,'h(x2, Lox). (33)
Using equation (11) we have for 81/x'17,l/‘ h(xa, ..., xy) the expression
drxyih =g xwdr — (g —q™ )Y %8+ (@ — g HRg¥ +e | 2R
J<N
= (qivdy — (@ — g DE+q" ") (34)
where E = Z,ivzl X 0k. It is proven by using the relation between £; and 9; that

_ 1
Ex;, = qilfekE + 7-4

prk72QAa P
— v + Xrc
1 +qN_2q
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(see also proposition 2.9 of [3]). Then

m 1A I+m! —1y _mj—1
E(xl,'h(xz,...,le))z(q RE+x1g™M xpt h(xa, ..., x2)

[+m}—1 I+m}| =3

=(q +q

—ml A
X h(xy, ..., x0)+q "X, Eh(xy, ..., x2).

I—m'+1y .M
oot g T X!

By direct calculation it is proven that
c—c! qg—q! R
E= + N1oA,c!
g—q T argrr? 28
(see also [3]). Since h € H;, then Eh = [[],h. Now we have for Efc;',l"h the expression
E(x}'h(xa, ..., x2)) = (g'Im|1g +q " )X} h(xa, ..., x2)

.
= [m) +1]yx) ' h(xa, ..., x2).

Therefore, returning to equation (34) we obtain
, . . B o
Bl/x:r,llh(x% ey )Cz/) = (qxl/al/ +qm1 I+ (q —q 1)[m/1 — 1+ l]q)x??l h(xz, ey Xz/)
N —m/,— =1
= (qR1 0y +g™™ l“)x;',l1 h(xa, ..., xo).
. . . - =2 .
Applying this relation for x;',ll 1h, x'f,l‘ h,...,xph and lemma 1 we receive
! ol ! 1
dxy h(xa, ., x) = (@ "M g M TR X T h(x, L x)
’ ’ _ /71
+qm1x’17,"81rh(xz, X)) =¢q l[m’l]q)c;',l1 h(xs, ..., x2).
Now using equation (33) we derive equation (32). The proposition is proven. ]
Let iy € HN™?, where HN™? is the space of AN~ -harmonic polynomials in
X2, X3,...,X». Then x;'”x'f,l‘hz € A,, m = my +m| +1. Using formula (32), in the

same way as in the case of the formula for A’; (x;"'x'ff') in section 6, we find that

[ml]q'[m/l]q‘ ml_kxm’lfkhl
[my — k1, \m, — k1,0 70

A/;(x;nlxi'zlhl) — (1 +qN72)kq(m1+m/l7k)kq7(N72)k/2

m

Now using formulae (21) and (23) we derive that H,, (x;"‘xl,/‘hl) = tﬁl’fn’i h;, where

min(m,m’) _ o _N—
N o @ g gD g N TR ek
mm Z 2. 2\ (,—N—2mtd. 2 v @t . (35)
‘1 = @a (g 1q7) (1+g772)

Using formula (15) the polynomials t,]:l’y's,l can be represented in a form similar to
equations (26) and (27).

Proposition 6. The space H,, can be represented as the orthogonal sum
_ N.,m (N=-2)
Hm = ®m1,m'ltml'",le_ml_m,1 (36)

(N-2)
where Hm_ml_

summation is over all non-negative values of my and m'; such that m —m; —m/ > 0.

; (N=2)_ : g :
18 the space of Aj harmonic polynomials in x,, X3, ..., Xy and the

Proof. The subspaces t’f:’l’frf, Hxv_;z])_m,l from equation (36) do not pairwise intersect and

elements from different subspaces are linearly independent. Therefore, on the right-hand side
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. . . N—2
of equation (36) we have a direct sum. Besides, we have H,, 2 @ml m, t,,ljl’:::/ ,(717ml>7'n/.
’ 1 1

By direct computation (using corollary 2) we show that dimensions of the spaces on both sides
of equation (36) are equal to each other. Now, in order to prove our proposition, we have to
show that the sum on the right-hand side is orthogonal.

Itis easy to prove that the subspaces on the right-hand side of equation (36) are eigenspaces

of the operators K;,i < n, from formula (5) belonging to different eigenvalues. As in the
proof of theorem 1, it follows from this fact that the sum (36) is orthogonal. The proposition

is proven. m
Now we apply the decomposition (36) to the subspaces Hianjn?fm and obtain
1
_ Non ,N=2,1, (N—4) _ ,
Hm = @ @ [mlm’ltmzm’z Hlfmzfm’z I=m—m — nm (37)

my,my moy,m}

(N—4) (N—4) . . .
where Hl—mz—m/z are the subspaces of homogeneous A *~"-harmonic polynomials in

X3, X4, ..., x3. Continuing such decompositions we obtain the decomposition
o 269 - CEmm (X1, .., x1)
m,m’ k
if N = 2n and the decomposition
Hm :@ , (CEm,mf’g(xl,...,xl,)
m,m’,o

if N =2n+1, where m = (my,mo,...,mu,_1),m = (m},m),...,m, ;) in the first
case, m = (my,mo,...,m,), m = (m},m,,...,m,) in the second case and m; are non-
negative integers, k take integral values, and o = 0 or 1. The basis g-harmonic polynomials
Emm kX1, ..., xp) of H,, are given by the formula

’ n—2 n=2_
N,m ,N=2.m—m—m 4m—y " mi—y T m!

-
am,mr,k(xl, LX) = tmlm/ltmzm'z bl

1>k (38)
if N = 2n and by the formula

, -1 -1,
— N,m N—=2,m—m—m) 3m=y i mi—y i m o
Emm',o (.XI, LR XI’) = [mlm/l tmzm/z e tmnm/’, ' ! I.X’H_l (39)

if N = 2n + 1. In equation (38), 12k = x,’f ifk >0, =1ifk =0, and ** = x;k ifk <O.
Note that the integers k, o, m = (m, ms, ...) and m’ = (m/, m), ...) take such values that

my+my+my+my+---+m,_y+m,_ +k=m (40)
for N = 2n and
my+my+my+my+-Am,+m,+o =m (41)

for N = 2n + 1. Besides, conditions such as the condition m — m; —m > 0 of proposition 6
must be fulfilled at each step.

Theorem 3. If N = 2n then the polynomials (38), for which the equality (40) is satisfied,
constitute an orthogonal basis of the space H,,. If N = 2n + 1 then the polynomials (39), for
which the equality (41) is satisfied, constitute an orthogonal basis of the space H,,.

Proof. The fact that the polynomials (38) for N = 2n and the polynomials (39) for N = 2n+1
constitute a basis of H,, has been proved above. Orthogonality of basis elements is proved in
the same method as in theorem 1. The theorem is proven. ]

The polynomials (38) and (39) represent solutions of the equation A, p = 0 in separated
coordinates. In the classical case, these polynomials are products of Jacobi polynomials; see
chapter 10 of [1].
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Note that if we were to consider zonal and associated spherical polynomials on the
more complicated quantum spaces (for example, on the quantum Grassmannians) on which
the quantum group SO, (N) acts, then, as we believe, they would be expressed in terms of
orthogonal polynomials related to root systems (such as were considered in [10]).

It is interesting to have explicit formulae showing how the generators K;, E;, F; of
U, (soy) act on the basis elements of theorem 3. However, the derivation of these formulae is
very awkward and the formulae are not simple. We shall consider them in a separate paper.
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